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1. INTRODUCTION 
The following problem has been raised by R. Radner [l] : Let S = (Z’, B, p) 
be a probability space and let R CL, be convex, where L, = L,(S). Is it 
possible to find a convex subset R* CL, such that the set of risk-aversely 
efficient points of R coincides with the set of the e$;cient points of R* ? 
Although we have no solution to Radner’s problem, we do show that the 
study of topological properties of the set of risk-aversely efficient points of convex 
and w(L= , LJ-compact subsets of L, , can be reduced to the study of the 
e#Gnt point set of convex and w(l, , Q-compact subsets of Z, . More precisely, 
we prove the following results. Let R CL, be convex and w(L, ,&)-compact. 
The set of risk-aversely efficient points of R, M*(R), is the image of the set 
of the efficient points M(Y), of a convex and w(Z, , Q-compact subset Y of Z, , 
by a continuous bijection (Lemmas 4.3 and 4.4). Furthermore, if there are only 
finitely many states of nature (i.e., T is finite), then M*(R) is actually homeo- 
morphic to M(Y) (Theorem 4.5). 
The above results lead naturally to the following problem: Let Y be a convex 
and ~(1~ , I,)-compact subset of Z, . What is the topological structure of M(Y) ? 
In Theorem 5.5 we prove that M(Y) is w(& , Z,)-contractible. As a corollary 
we obtain that if R CL, is convex and w(L, , L,)-compact then M*(R) is 
arcwise connected (Theorem 5.6). 
We now turn to the economic interpretation of our results. Let Y be a convex 
and weak*-compact subset of 1, . We may consider Y as the set of all feasible 
consumption plans of an economy (see, e.g., Kurz and Majumdar [2]). M(Y) is 
contractible; hence, in particular it is, arcwise connected. Thus, it is possible 
to move from one efficient plan to another via M(Y) in a continuous manner. 
This result may have applications to economic planning, provided that it will 
be supplemented by an appropriate dynamic theory. Such a supplement should 
be a topic for a separate study. The fact that M*(R) is arcwise connected may 
have similar implications (see Peleg [7]). 
I am indebted to M. E. Yaari for a helpful discussion. 
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2. PRELIMINARIES 
We denote by En” the m-dimensional Euclidean space. If  x, y  E E”” then we 
write x >, y  if xi > yi , i = l,..., m. x > y  if x > y  and x f  y. x > y  if 
xi > yi , i = l,..., m. A real function u on ET” is nondecreasing if a, b E E”’ and 
b 3 a imply that u(b) 3 u(a). 
Let M = (A, B, cl) be a measure space and let x and y  be two measurable 
functions defined on A and taking values in Em. We denote x > y  if x(a) 3 y(a) 
a.e. x > y  if x > y  and p{a : x(a) > y(a)} > 0. x > y  if there exists k > 0 
in En” such that x(a) 2 y(u),+ k a.e. Let Q b e a set of measurable functions 
from A to E”‘. e E Q is an efficient point of Q if there exists no x E Q such that 
x > e. 
3. THE MODEL 
Let S = (T, B, p) be a probability space. We denote by J&~~(S) the set of 
all essentially bounded measurable functions from T to the Euclidean space En”. 
Similarly, L,“(S) is the set of all integrable functions from T to El”. We shall 
use the following abbreviations: Lmna(S) = L, and Llm(S) = L, . 
Let U be the set of all real valued, nondecreasing and concave functions 
on Em. For u E U and a random variable x EL, we denote: 
LetRCL,, 
DEFINITION 3.1. Let x, y  E R. We shall say that y  dominates x risk-aversely 
if ~u(u(Y) > Izk(x) for all u E tJ and, furthermore, there exists u* E U such that 
h*(y) > h*(x). 
DEFINITION 3.2. x E R is said to be risk-aversely eficient if there exists no 
y  E R that dominates x risk aversely. 
Clearly, a risk-aversely efficient random variable is efficient. 
Throughout the rest of the paper the following assumption is maintained: 
ASSUMPTION 3.3. L, is separable. 
Assumption 3.3 simplifies to a great extent the presentation of our results, and 
entails, essentially, no loss of generality as far as applications of our results are 
concerned. 
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4. SOME PROPERTIES OF THE MAPPING v  
Let R CL, be convex and w(L, , L,)-compact. There exist a, b E Em, b > a, 
such that for all x E R a < x(t) < b a.e. Let c = a - (l,..., 1) and d = b + 
(l,..., I). Denote 
Q={r~R~1c<r<d} 
and 
I/ = {u E U 1 u(c) = 0 and u(d) = I}. 
Consider I’ as a subset of C(Q), the space of all continuous functions on Q. 
Choose a sequence u, , up ,..., ulc ,..., of strictly concave members of I’ which is 
dense in V(considered as a subset of C(Q)). (Th e existence of such a sequence is 
detailed in Ref. [6]). For each z E R let 
P)(Z) = (k(z), k(z),..., Wz),...). (4.1) 
(The mapping 9 was first introduced in Ref. [S]) Let 
Y = {y E 2, ) 32 E R such that 0 < y < y(z)}. (4.2) 
LEMMA 4.1. Y is a convex ~(1, , l,)-compact subset of 1, . 
Proof. Each of the functionals lu,(.) is concave; hence, Y is convex. 
Clearly, Y is norm-bounded. Also, by Corollary 1 of Peleg [6], lu,(.) is upper 
semicontinuous in the topology w(L, , L,), k = 1, 2 ,... . Hence, it follows easily 
that Y is ~(2, , I,)-closed. 
LEMMA 4.2. y  E Y is an e@ient point of Y if, and only if, there exists a risk- 
aversely eficient z E R such that P)(Z) = y. 
The proof is straightforward. 
Investigations concerning efficient points in 1, are contained in Refs. [2, 3, 
4, 9 and lo]. We denote: 
M*(R) = {x E R 1 x is risk-aversely efficient}, (4.3) 
M(Y) = {y E Y 1 y is efficient}. (4.4) 
By Lemma 4.2 v maps M*(R) onto M(Y). Moreover, it can be shown that the 
restriction of v to M*(R) is a bijection. 
LEMMA 4.3. Let xi E M*(R), i = 1,2. I f  x1 f  x2 then v(xl) # v(xJ. 
Proof. Suppose, on the contrary, that I = p)(xJ. Since each Iuk(.) is 
a strictly concave functional (since uJ.> is strictly concave), it follows that 
&Xl + ii%) > PW 
which contradicts the fact that 9)(x1) E M(Y). 
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We shall denote by # the inverse of the restriction of cp to M*(R). Thus, 
x = c/f(y) fory E M(Y), if p)(x) = y. 
LEMMA 4.4. # is continuous (when both M*(R) and M(Y) are endowed with 
the relative weak* topology). 
Proof. Letytk) E M(Y), k = 1, 2,..., and lety E M(Y) satisfyy = lim,,, y’“). 
Let ztk) = #(y(“)). Since R is w(L, ,L,) -compact there exists a subsequence 
(z,(“j)) which converges to a point z E R. Since each of the functionals &(.) 
is upper semicontinuous 
~(2) 2 lim v(z(“j)) = y. 
I 
Since y E M(Y), v(z) = y. Thus, z E M*(R) and z = #(y). 
When there are only finitely many states of nature a stronger result can be 
proved. 
THEOREM 4.5. I f  T is jinite then the restriction of ‘p to M*(R) is a homeo- 
wphism (when both M*(R) and M( Y) are endowed with the relative norm topology). 
Proof. Let 
D ={rEIFIa <r <b). 
By Theorem 10.6 in Rockafellar [ 1 l] the sequence (ule) is equi-Lipschitzian on D. 
Hence, v is continuous with respect to the relative norm topology of Y. Since T 
is finite, by Lemma 4.4 I/ is continuous with respect to the relative norm topology 
of M*(R). Thus, the proof is complete. 
COROLLARY 4.6. If  T is finite then the relative norm topology of M(Y) and its 
relative ~(1~ , II) topology coincide. 
Proof. If T is finite then the relative norm topology and the relative w(L, , L,) 
topology for M*(R) are the same. Thus, the proof follows from Lemma 4.4 and 
Theorem 4.5. 
DEFINITION 4.7. Let Y be a convex and w(l, , I,)-compact subset of 1, . 
We call Y reguZar if the relative norm and w(& , Ii) topologies of M(Y) coincide. 
The following is an example of a convex and ~(1~ , l,)-compact subset of 1, 
which is not regular. 
EXAMPLE 4.8. Let Y be given by 
Y = f 2-“y(k) < 1, and 0 <y(k) d 3, k = 1, ‘2 ,... 
k=l 
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Then Y is a convex and w(Zm , ZJ- corn ac and y*, given by y*(k) = 1, k = p t
1, 2,..., is an efficient point of Y. Define a sequence of points (y(o) by 
I 
1, k#& z+1, 
y’yk) = 0, k = 2, 
,3, k = I + 1. 
Then y(o is an efficient point of Y for 2 = 1, 2,..., and y* = lim,,, y(l) in the 
weak* topology. However, (y(o) has ‘no convergent subsequence in the norm 
topology. 
The following example shows that M*(R) is not necessarily closed. 
EXAMPLE 4.9. Let T = (1, 2, 3}, B = 2T and p(l) = p(2) = p(3) = l/3. 
Let further m = 1. Let 
A, = {x 1 ~(1)~ + (~(2) - 1)” < 1 and x(3) = 2) 
and A, = {( 1, 1, 3)). Let R be the convex hull of A, u A, . The point (1, 1, 2) 
is not efficient; hence, in particular, it is not risk-aversely efficient. However, 
by Theorem 1 in Ref. [8] each point 
x(l) = cos 8, x(2) = 1 + sin 0, x(3) = 2, 0 < e < 7714, 
is risk-aversely efficient. Thus, M*(R) is not closed. 
Remark 4.10. If M*(R) is not closed in the weak* topology then it follows 
from Lemmas 4.1 and 4.4 that M(Y) is not closed in the weak* topology. If 
M(Y) were closed then, by Lemma 4.4, II, would be a homeomorphism. Now 
the question whether 4 is actually a homeomorphism remains open. 
5. TOPOLOGICAL PROPERTIES OF M(Y) 
Let Y be a nonempty, convex and w(Z, , I,)-compact subset of Z,f (the non- 
negative cone of 2,). We denote 
Y* = {y* E I,+ 13~ E Y such that y* f y}. (5.1) 
Then Y* is convex, w(Zm , I,)-compact and M(Y) = M(Y*). Hence, as long as 
we are concerned with properties of M(Y) we may assume that Y = Y* 
(see (5.1)). Also, if a E I,+ and 2 = a + Y, then M(Z) = a + M(Y). Hence, 
we may assume without loss of generality that there exists a point b > 0 in Y. 
We shall now prove that M(Y) is contractible provided Y is regular. The proof 
parallels that of Theorem 4.6 in Ref. [5]. H owever, major changes are required 
since we work in an infinite-dimensional space. Hence, the proof will be given 
in detail. 
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For y  E Y. We define 
G(Y) = ix E Y I x 2 y>. (5.2) 
G(y) is convex and w(l, , Q-compact. Also, G is an upper semicontinuous func- 
tion of y  in the w(Z, , Zi) topology. 
LEMMA 5.1. Let y  E Y. If  there exists a z E Y such that z 3 y  then G is 
lower semicontinuous at y  in the norm topology. 
Proof. Let lim,,, jl y  - y(“) 1: = 0 and let x E G(y). Let 0 < t < 1. 
x(t) = tz + (1 - t)x > y. 
Hence, there exists a natural number h(t) such that x(t) E G(yck)) for Fz > h(t). 
Since lim,,, x(t) = x, the lemma follows. 
We recall that a topological space is contractible if its identity map is homo- 
topic to a constant. 
THEOREM 5.2. If Y is a regular (see Definition 4.7) then M(Y) is contractible. 
Proof. For x E Y let 
f(x) = f  22”x(4/(1 + x(k)). 
k=l 
f(x) is an w(Zm , Q-continuous and strictly concave function on Y. Hence, if 
y  E Y then f (.) attains its maximum on G(y) at a unique point g(y). Further- 
more, since f( .) is strictly increasing, g(y) is efficient. 
Let now for e E M(Y) and 0 < t < 1 h(e, t) = g((1 - t)e). h(e, 0) = e and 
h(e, 1) = g(0) for all e E M(Y). Furthermore, h is a continuous function of 
both e and t. For let t = lim,,, t’“) and e = lim,,, e”). I f  t = 0 then 
li+i(l - tCk))eCk) = e. 
/(e(k), t(k)) > (1 _ t(k))e(k). (5.3) 
Since Y is ~(2, , Q-compact and e is efficient it follows from (5.3) that e = 
lim,,, h(e tk), tlk)). I f  t > 0 then 
(1 - t)e + tb > (1 - t)e = li+i(l - t(k))e(k). 
Hence, by Lemma 5.1, G is lower semicontinuous at (1 - t)e. Therefore, g is 
continuous at (1 - t)e = y. For assume, on the contrary, that 
lim 11 y(“) - y  11 = 0 and 
k+m 
$ir g(y(“)) = z # g(y). (5.4) 
Then 
fMYN > f(4. (5.5) 
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Furthermore, there exist ~(~1 E G(yu)), k = 1, 2,..., such that 
lim /I @) - g(y)\1 = 0. 
k+m (5.6) 
It follows from (5.4)-(5.6) that there exists a K such that f(g(y(“))) < f(~(~)), 
which is impossible. The continuity of h at (e, t) follows now from the continuity 
of g at (1 - t)e. 
COROLLARY 5.3. Let R be a convex and w(L, , L,)-compact subset of L, . If 
T is$nite then M*(R) (see (4.3)) is contractible. 
The proof follows from Theorems 4.5 and 5.2. 
COROLLARY 5.4. If  Y is a convex and norm-compact subset of 1, then M(Y) 
is contractible. 
The proof follows from the fact that for a norm-compact subset of 1, the 
relative norm and w(Zm , Zr) topologies coincide. 
THEOREM 5.5. If  Y is a convex and w(Zx , I,)-compact subset of 1, then M(Y) 
is contractible in the ~(2, , Z1) topology. 
Proof. Let a(l), a(2) ,..., a(k) ,..., be a sequence of positive numbers which 
satisfies lim,,, a(k) = 0. For y E Z, let h(y) = y*, where 
Let 
Y “(4 = 44 y(k), k = 1, 2,... 
Y* = {h(y) I Y E Y>- 
Then Y* is norm-compact. Thus, by Corollary 5.4, M(Y*) is contractible. 
Now, h is an ~(2, , I,)-homeomorphism between Y and Y*. Hence, M(Y) is 
w(Z, , Z,)-contractible. 
THEOREM 5.6. Let R CL, be convex and w(L, , L,)-compact. Then the set of 
risk-aversely eficient points of R is arcwise connected in its relative w(L, , L,) 
topology. 
Proof. Let Y be given by (4.2) and &‘(Y) by (4.4). By Theorem 5.5 M(Y) is 
w(Zm , Z,)-contractible. Hence, in particular, it is w(Zm , Z,)-arcwise connected. 
Now, M*(R) = #(M(Y)) (see (4.3)). By Lemma 4.4 4 is continuous. Hence, 
M*(R) is w(L, , LJ-arcwise connected. 
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